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We report the results of an extensive set of direct numerical simulations of forced, incompressible, magne-
tohydrodynamic �MHD� turbulence with a strong guide field. The aim is to resolve the controversy regarding
the power-law exponent ��, say� of the field-perpendicular energy spectrum E�k���k�

� . The two main theo-
retical predictions �=−3 /2 and �=−5 /3 have both received some support from differently designed numerical
simulations. Our calculations have a resolution of 5123 mesh points, a strong guide field, and an anisotropic
simulation domain and implement a broad range of large-scale forcing routines, including those previously
reported in the literature. Our findings indicate that the spectrum of well-developed, strong incompressible
MHD turbulence with a strong guide field is E�k���k�

−3/2.
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I. INTRODUCTION

Magnetohydrodynamic �MHD� turbulence is pervasive in
astrophysical systems and plays an important role in stellar
interiors, the solar wind, and interstellar and intergalactic
media �see �1��. Phenomenological models of MHD turbu-
lence aim to describe the dynamics of energy transfer in the
spectral domain. The models are built upon the foundation
that the spatial scales can be separated into three regions: �i�
The energy containing range at large scales �small k� where
energy is supplied to the system by an instability or an ex-
ternal force, �ii� the dissipation range at small scales �large k�
where energy is removed from the system by viscosity or
resistivity, and �iii� an intermediate region known as the in-
ertial range. Within the inertial range it is assumed that forc-
ing and dissipation are negligible and that energy is trans-
ferred from large to small scales solely by nonlinear
interactions. It is therefore believed that, regardless of the
form of the large-scale energy injection mechanism, once
energy has cascaded to sufficiently small scales, the nonlin-
ear dynamics is universal �see, e.g., �1��.

Theoretical predictions for the scaling of the energy spec-
trum within the inertial range depend upon the assumed
physics of the nonlinear interactions. The main theories as-
sume that the basic state of MHD turbulence is one of Alfvén
fluctuations: small-scale wave packets, or eddies, propagate
along the large-scale magnetic field with the Alfvén speed
VA=B0 /�4��, where B0 is the magnitude of the large-scale
field and � is the fluid density. Only eddies propagating in
opposite directions interact. Iroshnikov �2� and Kraichnan
�3� used this fact to develop a theory for three-dimensionally
isotropic eddies which need to undergo a large number of
interactions to transfer energy to smaller scales. This leads to
the Iroshnikov-Kraichnan energy spectrum E�k��k−3/2.

In later years, observational and numerical evidence re-
vealed that the presence of a strong guiding magnetic field

renders the turbulence anisotropic �4–8�. This motivated
Goldreich and Sridhar �GS� �9� to develop a theory in which
the eddies are elongated in the direction of the large-scale
field and the energy cascade proceeds mainly in the field-
perpendicular plane. The eddies are deformed strongly dur-
ing only one interaction, leading to the field-perpendicular
energy spectrum E�k���k�

−5/3.
Recent high-resolution numerical simulations verified the

anisotropy of the turbulent cascade, but also produced the
Iroshnikov-Kraichnan �IK� exponent for the field-
perpendicular spectrum �10–12�, thus contradicting both the
IK and GS models. To address this discrepancy a theory was
presented in �13,14�. In addition to the elongation of the
eddies in the direction of the guiding field, therein it is pro-
posed that the fluctuating parts of the velocity and magnetic
fields at a scale ��1 /k� are aligned within a small scale-
dependent angle in the field-perpendicular plane, ���1/4.
The process, known as scale-dependent dynamic alignment,
reduces the strength of the nonlinear interactions and leads to
the field-perpendicular energy spectrum E�k���k�

−3/2.
Advances in computational power in recent years have

made it feasible for a number of independently working
groups to test the above predictions via high-resolution nu-
merical simulations. Each of the simulations is constructed
differently, and the results have led to considerable debate.
Although it is largely agreed upon that the turbulent cascade
is anisotropic �4–17� and excellent agreement with the scale-
dependent alignment ���1/4 has been found �18�, there re-
mains disagreement over the exponent of the field-
perpendicular energy spectrum. For example, some
simulations produced the exponent −5 /3 �19–23�; however,
they did not have a strong guide field. Others yielded −3 /2;
however, either their resolution was limited �10� or the simu-
lation domain was not anisotropic �11,12�, which raised
questions whether the field-parallel dynamics were captured.
In addition, direct comparison of these numerical results is
complicated by the fact that each has employed different
forcing routines and different dissipation mechanisms and
has different Reynolds numbers. The lack of a consensus on
this fundamental issue is particularly disturbing since the
theory of MHD turbulence is widely applied to laboratory
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studies, solar wind observations, and investigations of the
interstellar and intergalactic medium �see, e.g., �1��.

This controversy is the principal motivation for our re-
search. We aim to resolve the above issue by conducting a
wide range of direct numerical simulations that contain the
features that we believe are necessary for studying well-
developed strong MHD turbulence and that do not contain
the above shortcomings. Our simulations have a resolution of
5123 mesh points, Reynolds number Re�2200, a strong
guide field, and an anisotropic simulation box to allow for
the field-parallel dynamics. We force wave numbers k=1,2,
and we have analyzed 20 different runs in which we vary the
relative intensities and correlation times of the forcing for the
velocity and magnetic fields. The forcing routines considered
include those previously reported in the literature.

In almost all cases our simulations yield the spectrum
−3 /2. A steeper spectrum, consistent with −5 /3, is observed
in a case when the velocity field is driven by a force whose
correlation time is much shorter than the relaxation time of
the large-scale eddies. However, as we shall explain, this is a
result of a setting that is not well suited for simulating well-
developed strong MHD turbulence. The high-frequency ex-
ternal force resonates with higher k� harmonics of the veloc-
ity field, which breaks the balance between linear and
nonlinear interactions at large scales �the so-called
Goldreich-Sridhar critical balance �9�� and spoils the inertial
interval.

A further important finding is that in all cases the scale-
dependent dynamic alignment of magnetic and velocity fluc-
tuations, which is thought to be responsible for the −3 /2
spectrum �13,14,18,24�, is clearly observed. We therefore
conclude that numerical simulations indicate that the spec-
trum of strong incompressible MHD turbulence with a strong
guide field is E�k���k�

−3/2.

II. NUMERICAL RESULTS

We consider driven incompressible MHD turbulence with
a strong guiding magnetic field. The equations read

�tv + �v · ��v = − �p + �� � B� � B + � �v + fv,

�tB = � � �v � B� + 	 
B + fB, �1�

where v�x , t� is the velocity field, B�x , t� the magnetic field,
p the pressure, and � and 	 the fluid viscosity and resistivity,
respectively. The equations are solved using standard pseu-
dospectral methods �for a detailed description of the numeri-
cal method see �25��. The external forces fv�x , t� and fB�x , t�
drive the turbulence at large scales. In an attempt to resolve
the previously reported controversies, we consider forcing
mechanisms in the following three categories. Collectively,
they contain the main forcing mechanisms used in the recent
literature.

Case 1. Random forcing of the velocity field only
�fB	0� �e.g., �22,23��.

Case 2. Random independent forcing of both the velocity
and magnetic fields �e.g., �10��.

Case 3. Steady forcing of both the velocity and magnetic
fields by freezing large-scale modes �e.g., �11,12��.

In cases 1 and 2, our random force satisfies the following
requirements: it has no component along z, it is solenoidal in
the x-y plane, all the Fourier coefficients outside the range
1�k�2 are zero, and the Fourier coefficients inside that
range are drawn from a uniform distribution of random num-
bers on �−1,1� with amplitude chosen so that the resulting
rms velocity fluctuations are of order unity. The individual
random values are refreshed independently on average at
time intervals approximately twice as large as the turnover
time of the large-scale eddies. We also describe below a spe-
cial case in which the renovation time is 10 times smaller.

In case 3 we initialize the calculation with a constant mul-
tiple of the statistically steady-state solution from a simula-
tion in which only the velocity is driven. We then evolve
only those modes with k�2 and we hold fixed the Fourier
coefficients of both the velocity and the magnetic fields for
those modes with k2. The multiplication factor is chosen
so that the solution relaxes to a statistically steady state with
rms velocity fluctuations of order unity.

The following results correspond to simulations that have
an external magnetic field applied in the z direction with
strength B0�5, measured in units of velocity. The periodic
domain is elongated in the z direction with aspect ratio
1 :1 :B0. The Reynolds number is defined as Re
=Urms�L /2�� /�, where L �=2�� is the field-perpendicular
box size, � is fluid viscosity, and Urms ��1� is the rms value
of velocity fluctuations. We restrict ourselves to the case in
which the magnetic resistivity and fluid viscosity are the
same, �=	, with Re�2200. The system is evolved until a
stationary state is reached �confirmed by observing the time
evolution of the total energy of fluctuations�. The data sets
for each run consist of approximately 30 samples that cover
approximately 6 turnover times at the largest scales.

For each simulation we measure the two-dimensional en-
ergy spectrum, defined as E�k��= 
�v�k���2�k�+ 
�b�k���2�k�,
where v�k�� and b�k�� are the two-dimensional Fourier
transformations of the velocity and magnetic field in a plane
perpendicular to B0 and k�= �kx

2+ky
2�1/2. The average is taken

over all such planes in the data cube and then over all data
cubes. The resulting field-perpendicular spectrum is equiva-
lent to that obtained by integrating the three-dimensional
Fourier spectrum over kz.

Shown in Fig. 1�a� is the spectrum of fluctuations for case
1. To infer whether a log-log plot of E�k�� has a slope of
−3 /2 or −5 /3 we compensate the spectrum �solid curve� and,
for comparison, a function with scaling k�

−5/3 �dashed line� by
k�

3/2. We conclude that the best fit is E�k���k�
−3/2, with the

inertial range corresponding to wave numbers 4�k��20.
The corresponding results for case 2 are illustrated in Fig.

1�b�. Again, the exponent −3 /2 is a better fit than −5 /3, with
the inertial range corresponding to wave numbers
4�k��20.

In Fig. 1�c� we show the spectra for the above two cases
in a special setting when the forcing correlation time is made
10 times shorter. We find that when only the velocity field is
forced �case 1a, solid line� the best fit now appears to be
−5 /3 with the inertial range corresponding to wave numbers
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5�k��23. When both the magnetic and velocity fields are
independently driven �case 2a, dashed line� the better fitting
exponent remains at −3 /2, although the range of wave num-
bers over which this holds has become smaller and the fit is
worse.

The energy spectrum for case 3 is shown in Fig. 1�d�. We
note here that we have initialized the simulation with the
statistically steady state solution from case 1a, for which we
found the exponent −5 /3. After a certain relaxation time, the
energy spectrum of the resulting stationary turbulence is
again better fit by −3 /2 with the inertial range corresponding
to wave numbers 4�k��20. The scaling exponents found
in each case are summarized in Table I. In the next section
we offer an explanation for our results.

Last, it is also of interest to calculate the alignment angle
between the shear Alfvén velocity and magnetic field
fluctuations. It is recalled that the theoretical prediction
���1/4 is thought to be responsible for the field-
perpendicular spectrum E�k���k�

−3/2 �13,14,18,24�. We de-
fine �vr=v�x+r�−v�x� and �br=b�x+r�−b�x�, where r is a
point-separation vector in a plane perpendicular to the large-

scale field B0. For each simulation we measure the ratio
�see �18��

�r � sin��r� 	

��ṽr � �b̃r��


��ṽr���b̃r��
, �2�

where �ṽr=�vr− ��vr ·n�n, �b̃r=�br− ��br ·n�n, and
n=B�x� / �B�x��. Figure 2 shows that ���1/4 is good fit for
all the simulations. We propose that the reason that the align-
ment angle is well observed is because its measurement is
composed of the ratio of two structure functions and as such
is somewhat analogous to the phenomenon of extended
self-similarity �26�, which is well known in hydrodynamic
turbulence.

III. DISCUSSION AND CONCLUSION

Our results lead us to believe that the spectrum for strong
MHD turbulence in the presence of a strong guiding field is
E�k���k�

−3/2. In order to understand the exceptional case
�case 1a� in which we obtain an exponent closer to −5 /3, it is
instructive to determine the turnover time of the large-scale
eddies. This can be done by measuring the energy relaxation
time in case 3—i.e., the characteristic time on which the
solution adjusts from a randomly stirred state to a state with
frozen large-scale modes. We find that the large-scale eddy
turnover time is approximately �0�5, which agrees with the
dimensional estimate �0�L /Urms�2�.

We then conducted a series of simulations �not shown
here� analogous to case 1a where we varied the force corre-

TABLE I. Summary of the results. The forcing correlation time
� is given in units of �L /2�� /Urms. The second column indicates
whether the force acts on the velocity or magnetic field.

Case Forcing Forcing correlation time Spectrum E�k��

1 v only 10 3/2

2 v and b 10 3/2

1a v only 1 5/3

2a v and b 1 �3 /2

3 v and b Frozen large-scale modes 3/2

FIG. 1. The �compensated� field-perpendicular energy spectra
E�k��: �a� case 1, �b� case 2, �c� cases 1a �solid curve� and 2a
�dashed curve�, and �d� case 3. The description of the runs is given
in Table I.

FIG. 2. The alignment angle � as a function of scale for each of
the simulations. The straight line has a slope 0.25 corresponding to
the energy spectrum E�k���k�

−3/2; see �13,14,18�.
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lation time from �=0.1 to �=10. We observed that the tran-
sition from the spectrum E�k���k�

−5/3 to E�k���k�
−3/2 oc-

curred between ��1 and ��2, which is much smaller than
the large-scale eddy turnover time. We propose that a driving
mechanism with such a short renovation time is not well
suited for numerical investigations of well-developed strong
MHD turbulence. Indeed, to produce a larger inertial inter-
val, the forcing should maintain the critical balance condition
at the largest scales. When the force renovation time is larger
than the eddy turnover time, the large-scale critical balance is
naturally established by nonlinear interactions. The short-
time correlated force, in contrast, resonates with high-
frequency Alfvén modes, which violates the critical balance
and spoils the inertial interval of limited extent �27�. It may
be reasonable to expect that a larger calculation would yield
E�k���k�

−3/2 sufficiently deep in the inertial range, though at
the present time such a calculation is not feasible. This issue
is currently under investigation and will be addressed in de-
tail elsewhere.

Besides its fundamental importance, the MHD spectrum
is invoked to describe a variety of astrophysical phenomena:
solar wind turbulence, interstellar scintillation, galactic scat-

tering of cosmic rays, etc. Measurements of turbulence in the
interstellar medium and the solar wind are broadly consistent
with the exponent −5 /3—e.g., �28�—although there are oc-
casional reports of the −3 /2 spectrum—e.g., �29–31�. Based
on our results, a natural question can be raised as to what
extent the framework of strong homogeneous incompressible
MHD turbulence can be applied to describe such systems.
We plan to address this question in future work.
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